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The free energy of the classical Heisenberg model with
anisotropic interactions
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Department of Physics, Queen Mary College, Mile End Road, London E1 4NS, UK

Receivéd 14 March 1974

Abstract. Exact expressions are given for the free energy of the classical Heisenberg model
in one lattice dimension and two or three spin dimensions with general anisotropy ; the two-
dimensional result, already known, is in terms of Mathieu functions and the three-dimensional
result in terms of Lamé wavefunctions. The method presented solves the eigenvalue problem
for an appropriate transfer matrix by relating it to solutions of the Helmholtz equation in
suitable curvilinear coordinate systems. High and low temperature limits are discussed for
the three-dimensional spin case and the connection given with already known results for
partial anisotropy.

1. Introduction

The classical Heisenberg model consists of a one-dimensional lattice of N unit dipoles,
each dipole being allowed to point in any direction in an n-dimensional vector space and
each interacting with only its nearest neighbours. The hamiltonian for this classical
system may be written

N

Hy= =Y (x,00%;0+ D+ Lx,0%0+ D+ . +150x60+1) (1)

i=1

where x(i) indicates the jth direction component of the ith dipole and the J; are interac-
tion constants. The partition function and correlation functions for systems of this type
have been investigated by several authors: for n = 2 by Joyce (1967a), for n = 3 and two
of the J’s taken equal by Joyce (1967a) and Thompson (1968) and for general values
of n with all J’s equal by Stanley (1969) and Stanley et al (1970).

For a line of N dipoles of which the Nth has components x,(N),..., x,(N) the par-
tition function is

Zy(x((N), ..., x,(N))

dQ, dQy_, N1 N N
= T...fTexpv Y (i x i+ D+ . FTx x4+ 1))
i=1

where dQ; is the surface element of the unit sphere for the ith dipole vector (x,(i),. ..,
x,(i)), o the corresponding total surface area and v = 1/kT, T being the temperature. The
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1350 J Rae
corresponding expression for N + 1 dipoles is related to the above by
ZN+1(x1(N+ 1)’ ceey xn(N+ 1))
dQ,
= J‘— exp V(J 1 X, (N)x (N+ D)+ ... + T, x,(N)x,(N+1))
o

X ZN(xl(N)3 ey xn(N))

so that the ‘transfer matrix’ for this system is the integral operator _# given by
dqy : N o ,
Z1(xy, e, x,) = JTexp VI x x4 T xx) (X, X (2)

the integral being taken over the unit sphere. This operator is of Hilbert-Schmidt type
so that its eigenvalues are real and, with the usual inner product, there is a complete
orthonormal set of eigenvectors. Further, the kernel in (2) is positive so by Jentzsch’s
theorem (Jentzsch 1912) there is a simple positive maximum eigenvalue and this is an
analytic function of vand J,,...,J,. This analogue of the Perron-Frobenius theorem
underlies the usual proofs that a one-dimensional system such as (1) cannot have a
thermodynamic phase transition at finite temperatures (Miinster 1969). A knowledge of
the eigenvalues 44, 4, ... of # and of the corresponding eigenvectors allows calculation
of the partition function and correlation functions. In particular, the partition function
for N dipoles with cyclic boundary conditions is given by

In the thermodynamic limit only the maximum eigenvalue A, contributes and the free
energy is given by

1
—vf(v,Jl,...,J")= lim NanN=lnio. (3)

N-ox

It seems impossible to solve the eigenvalue problem for ¢ in the general case but by
establishing a connection with Helmholtz’s equation we are able to present below the
solutions for n = 2and n = 3. In § 2 we illustrate the argument for the case n = 2 where
the results are known in terms of Mathieu functions (Joyce 1967a) and § 3 carries through
the same procedure for n = 3 where the appropriate functions are Lamé wavefunctions.
Since the latter model includes some known special cases, various limiting forms and
high and low temperature expansions are outlined in §4. Finally, we summarize the
results obtained and the difficulties in proceeding further. The main properties of Lamé
wavefunctions are collected together in an appendix.

2. The planar model (n = 2)

The eigenvalue equation for # in the case n = 2 may be written from (2) as

dqy
f S XD W ox + Ty HK, ) = A, ). (@)
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We denote the kernel by W = exp wJ  xx' +J,yy’) and without loss of generality assume
J? > J3. Putting & = J,x,n = J,y we have
W W
7 T3
o¢ on

= v3(x'? +y'2)W = v2W. (5)
As x, y vary over the unit circle x2+ y? = 1 the variables &, n vary over an ellipse so it is
reasonable to introduce elliptic coordinates (Abramowitz and Stegun 1965)

& =pcoshucosv = psinhusinv (6)
corresponding to

X = COS v J, = pcoshu
™)

y =sinv J, = psinhu.

We take 0 < v € 2r and allow p, u all real values to cover the possible values of J,, J,.
In terms of these variables equation (5) becomes

2 2
aaTv:/-F %}V; —4p?v*(cosh 2u—cos 2v)W = 0

and assuming solutions of the form W = f(u)g(v) one obtains

de 1,2 .2
d——uz—(a+7v pcosh2u)f =0 (8)
d’g 1,22
d02+(a+7v p“cos2v)g =0 9

where a is a separation constant. Equation (9) is Mathieu’s equation and (8) Mathieu’s
modified equation (we follow the notation of Abramowitz and Stegun 1965, chap 20).
For the solution of (9) we want periodic functions and this determines the values of a
as Sturm-Liouville eigenvalues. The solutions are

ce,(v, —1p?v?) n=0,12,...

se,(v, —3p*v?) n=1,2...

with corresponding eigenvalues a = a,,a = b, given in Abramowitz and Stegun (1965,
§20.2.26). Now (8) must be solved with these values of a. Corresponding to a,,b,
the solutions are of type Ce,(u), Se,(u) respectively (we drop for the moment the second
Mathieu parameter which here is always —4p?v?). It follows that W may be expanded in
the form

W= ,go 7 Ce,(u)ce,(v) + ; 5,Se,(u)se,(v).

Exactly the same procedure may be carried out in terms of x’, y’ in place of x, y but
keeping the same J,, J, and hence the same p, u. This gives an expansion of W of the
form

W= 3 o2Celucev)cev)+ Y B,Selu)se,v)se, ') (10)

r=0 r=1
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where «,, B, are now independent of u, v, v’. Now the functions ce,(v), se,(v) form a com-
plete orthogonal set for the interval 0 € v < 2z with orthogonality relations of the type

2n
f ce,(v)ce,(v) dv = nd,,. (11)

0

From (4), (10) and (11) it follows that cev), r = 0,1,... and se,(v),r = 1,2,... are a
complete set of eigenfunctions for our operator # and that the corresponding eigenvalues
are $a,Ce,(u) and $B,Se,(u) respectively. There remains only to find explicit values for
a,, B, and this is done most easily by choosing special values of the variables in (10).
For example, by putting « = 0, = i, multiplying by ce,(v) and integrating, we obtain

2z
f ces.(0) dv = 75,Ceay(O)ce s (d).
0

From the general properties of Mathieu functions (Abramowitz and Stegun 1965) this
gives our eigenvalue in the form

1 2nAE

= 5 (Owe. (1) = (= 1MclV
T 2n ceZS(O)cezs(%n)Ce“(“) (= 1Mc(w) (12)

%%scez:(u)

where Mc!! is a tabulated modified Mathieu function. In a similar way the other eigen-
values can be found and the complete list is (1)Mc{P(u), r = 0,1... and (i)yMstV(u),
r=12,....

Since by Jentzsch’s theorem the maximum eigenvalue must remain non-degenerate
even for v — 0 it is clear that this eigenvalue is Mc{(u, —%p?v?). These results have
already been obtained by Joyce (1967a) who outlined some of their consequences so we
will discuss them no further in this article.

3. The free energy of the Heisenberg model (n = 3)

When the dipoles are allowed to orientate themselves in a three-dimensional space
(n = 3) the ‘transfer matrix’ # of (2) has an eigenvalue equation of the form

dQy
f e exp[Waxx'+byy +czz)h(x', y', 2') = Ah(x, y, 2) (13)

the integral now being over the surface of the unit sphere. In this case we write the kernel
W = exp v(axx'+byy' +czz') and assume, without restriction, that a? = b? > c2. If we
now put ¢ = ax, n = by, { = cz we again arrive at the Helmholtz equation

OW W O*wW

52 T T T VX2 4y W = VW (14)

Asx, y, zvary over the surface of the unit sphere &, 1, { vary over the surface of an ellipsoid,
so it is reasonable to introduce confocal ellipsoidal coordinates a, B, y related to &, 5, {
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by (in the notation of Erdelyi et al 1955)

¢ = k*a?—cH)Y?sna snf sny

—c*)Y2cna cnf cny (15)

= %(a2 —¢?)"2dna dng dny.
Here k* = (a*—b?)j(a®—c?), k'* = (b2 —c?)/(a*—c?), 0 < k <1 and the jacobian
elliptic functions are all of modulus k. If « varies between iK' and K +iK', § between
K and K+2iK’ and y from 0 to 4K there is a one-to-one correspondence between the
curvilinear coordinates «, 8, v and the cartesian &, #, { (K and K’ are the usual complete
elliptic integrals).

In terms of these coordinates the equation (14) becomes

W
Y (sn?f—sn?y) el v2k*(a® —c?)(sn?a —sn?B)(sn?B — sn?y)(sn?y —sn’a)W.
a8,y cyclic o

Assuming a solution of the form A(x)B(8)C(y) we have

2

dEf;-(s+rkzsnzoc+lzvlk“sn“oc)A =0 (16)
and two other equations of this kind for B(f) and C(y) all involving the same separation
constants s, 7 and having I> = a®> —c2. The solutions of interest here (see Erdelyi et al
1955, §15.1.1.) are doubly periodic and this determines the allowed values of s and r.
The solutions themselves are ellipsoidal wavefunctions: these functions have been little
studied but we collect some relevant known results in an appendix which the reader
should consult for notation and references. From (16) it is reasonable to look for an
expansion of the kernel in the form

W= 3 anmely@ely(Belr(y)
t,nm
where in each term the three ellipsoidal wavefunctions in the product are precisely the
same, and where the summation is over all eight types of function (say ¢t = 1, ..., 8) and
overn =0, 1,2,...and the appropriate range of m for each n. Now this expansion is in
terms of variables (15) which we may rewrite as

x = ksnfsny a = klsna
k

y = iEan cny b = ikl cna (17
1 .

z= Pdnﬂ dny ¢ = ildna

(« now takes any value appropriate to the magnitude and sign of g, b, ¢) but we could
just as well have expanded in terms of primed variables & = ax’, x" = k snf8’' sny’, etc.
In this way, just as in (10), we obtain

W= 3 b,meli@elpy(B, v)elpi(f’,v) (18)

t,n,m
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where each term is now a product of five identical ellipsoidal wavefunctions and the
sum is over all eight types and all indices appropriate to each type. The coefficients b,
which are independent of &, 8, f', 7, 7', are more difficult to evaluate than in the case of
Mathieu functions.

In going over to coordinates (17) the spherical surface element dQ’ becomes
ik?(sn2y'—sn?f)dp’ dy’ so in view of the orthogonality properties of elp(8, 7) (see ap-
pendix (A.3)) it is now apparent that the eigenfunctions of # expressed in the new
coordinates are simply all the ellipsoidal surface wavefunctions elpf(8,7) and the
corresponding eigenvalues, obtained from the appropriate term of (18), are

2
el 19

By Jentzsch’s theorem the maximum eigenvalue must remain non-degenerate in the
limit v — 0 in which the functions elp(8, y) go over to products of Lamé polynomials;
the properties of the latter show that the eigenfunction with maximum eigenvalue is, in
full notation, uelp3(8, 7). To obtain the corresponding eigenvalue we need to know the
appropriate coefficient b in series (18) and, as in § 2, this can be done by choosing special
values for the variables. We put « = K+iK', f = K, y = 050 all terms in (18) vanish
except those involving only the functions uvel%,. Thus

L= 3 L bionnuelfy(K +iK)uelpf (K, Ouelpf, (5 7).

If this is multiplied by (sn?y’ —sn?p')uelp?.(#’, 7) and integrated over S then by (A.3),
(A.5) we obtain

—1b; 3n muel7 (K +iK"uelp? (K, 0)
- f f (s —sn?B)elpl(f 1) df dy’ = -iAS(—
S

where AJ is the first coefficient in the expansion of uelp?, in a series of type (A.4). In
particular, the maximum eigenvalue i, is givenbyn =m = 0

) k2 1/2 A 10

0= (8_7r) 2el8(K T 1K uelpd(K. 0) "o (20)
where A is now the first coefficient in the expansion of uelp3. The result (20) is to be
compared with (12) and leads to an exact expression for the free energy (3) of the
Heisenberg model for n = 3.

4. High and low temperature series and limiting cases

The exact solution obtained in the preceding section involves ellipsoidal wavefunctions
about which not a great deal is known. Some explicit information is available however
for large and small values of v which correspond to low and high temperatures respec-
tively. Further, if two of the interaction parameters a, b, c are put equal in (13) the
expressions in § 3 ought to reduce to known results in terms of simpler functions. We
now discuss these topics in turn.



The free energy of the classical Heisenberg model 1355

A series expansion of uel§ appropriate for small values of v is given in (A.6) and this
may be inserted directly for the ellipsoidal wavefunctions in (20). By inserting (A.6)
into (A.5) a suitable series is also obtained for the constant A occurring in (20). A con-
siderable amount of tedious but elementary algebra is needed in simplifying the result
and we merely quote the final answer:

Ao = L+e,Pvi +e,l*v* +¢515v8 +0O(v®) (21)
where

_ k?sn’a (1+k?)

“ T T 18
o = k*sn*x B k(1 + k*)sn’a N 67k* —22k* + 67
27 120 180 16200
_ k®sn®a 3 k*(1+k?)sn*a N (83k* —38k? + 83)k2sn2a
s = 75040 5040 226800
_ (3037k* —2038k2 +3037)(1 +k2)

14 288 400

The low temperature case is not so easily disposed of as the existing asymptotic series
of el(z) for large v all break down at certain transition points such as z = K in the complex
plane. The dominant term, however, can be obtained by using only the leading term in
the asymptotic expansion of uel(z) which for z in the ranges 0 to K and K to K +iK’
is given by (Arscott and Sleeman 1970)

ueld(z) ~ constant x exp(vlksnz)(1 + ksnz)~ 1/2(1 +snz)~ '/2.

This form is substituted into the eigenvalue equation (13) which according to § 3 can be
written

)
ff exp(k‘%(k%’zsna snfsnysnfB sny’ —ik3cnacnBenycnf cny’ +idnadnfdnydnp’ dny’)
M

8ni
x (sn*y' —sn’B)uelp§(B, v) df' dy’ = ——5 Aouelpd(8, y)
With ¥y = K, § = K+iK'’ this simplifies to

IJ exp[vk?isnasnf sny’](sn?y’ —sn?p)uelpd(B, 7)) dp’ dy’
N

8ni .
= —{;Aouelpg(KﬂK', K). (22)
The leading term of the left-hand side for large v is easily evaluated by the method of

steepest descent and is found to be

—4ni exp(jviksnal)
vik?(1 + ksno)'/2(k + ksna)*/?

uelpd(K +iK’, K). (23)
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Expression (23) in conjunction with equation (22) provides the dominant behaviour of
the maximum eigenvalue for large v

) exp(vikisnal) 1
~ 1 -11. 24
#o 2vI(1 + ksno)*'3(k + ksna)!/? +0 v 24

This leads to an energy per dipole
1 1 1 1
E ~ —kllsnoc|+;+0 | = —max(|a|,|b|,|cl)+;+0 il

The energy at T = 0 is just what is expected for a hamiltonian of the form (1). If a is
positive and of greatest magnitude, there are two zero temperature dipole states, with all
dipoles pointing in the +x or all in the — x directions; if a is negative the two antiferro-
magnetic ground states have the dipoles pointing alternately in the + x and — x directions.

Next we examine the possibility of having two of the interaction strengths equal.
From (17) it appears that the case a = b requires k = 0 while b = ¢ requires k = 1; we
carry through the details only for the first of these, the oblate case, and for simplicity
assume a. b, ¢ all positive so that « may be taken to vary in the range iK' to iK'+ K.
As k — 0, K » in while K’ - o0 ; we therefore change variables from « to v = «a —iK’
and take the limit k — 0 holding v fixed. A simple calculation gives

a = kisnoe - lcosecv

Y/
<
N

=
a

b = ikl cna — I cosec v 0

¢ = 1ildno — /cotv

We may now compare this with the approach of Joyce (1967a) and find that the two
notations are related by J, = [/(2sinv) and tanh p = cosv. From our appendix we
have that the function ueld(B, v*I?) occurring in the maximum eigenfunction reduces as
k — 0to Ps(x, —v*1?) and this is in accord with Joyce’s So(2J ,/kT cosh p, x); the other
functions go over to spheroidal wavefunctions in a similar fashion. Further, one may
check quite easily that for k = O the high temperature series (21) becomes that given by
Joyce (1967b) and the low temperature result (24) agrees, as far as it goes, with the
expressions given by Joyce (1967a) and Thompson (1968).

5. Conclusions

In the preceding sections we have obtained, in terms of ellipsoidal wavefunctions, exact
expressions for the eigenvectors and eigenvalues of a transfer matrix for the general
n = 3 classical Heisenberg model and hence an expression for the free energy of this
system. Although not much is known about these functions some explicit information
can be extracted in the high and low temperature limits and this was given in §4. It is
interesting that such complicated functions arise in an apparently simple problem;
these ellipsoidal wavefunctions are about the most complicated special functions that
have been studied and this fact suggests that the method used in this article will be
impracticable for more complicated models. For n > 3 appropriate functions have not
yet been studied and the method will work only in the special case where all the interac-
tion constants are equal, when it will reproduce the results of Stanley (1969) for general .
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No exact results have ever been obtained for a classical Heisenberg model with a
magnetic field except in the Ising case n = 1. If the present method is followed in, for
example, the isotropic n = 2 case one is led very naturally to consider the bipolar co-
ordinate system. It is perhaps significant that the Helmholtz equation is not separable
in these coordinates and the method will not carry through.

It appears then that although the method presented in this article disposes of the
n = 2 and n = 3 cases it does not offer much hope for a solution of more complicated
Heisenberg models. It may however be applicable to other types of models. Finally we
may remark that in finding the free energy we have not fully exploited the information
available from the eigenvectors and eigenvalues in the case n = 3; we may for example
hope to obtain some properties of correlation functions. Although the analysis involved
in this has proved rather complicated we hope to present it in a future publication.
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Appendix. Ellipsoidal wavefunctions

Ellipsoidal or Lamé wavefunctions are the uniform doubly-periodic solutions of the
differential equation (16) which we now write in the notation

ew

dz?
After the initial study of these functions by Moglich (1927) and Malurkar (1935) little
more appears to have been done until Arscott (1964) revived the subject about 1955. Here

we follow Arscott’s notation and classification scheme. The ellipsoidal wavefunctions
are all of the form

el(z) = snXz)en*(z)dn*(z)F(sn?z) (A2)

where A, y, vmay be either O or 1 and F is an integral function of its argument. Accordingly,
they can be classified under eight types by their parity at z = 0 and their periods. The
symbols el(z) or el(z) denote any ellipsoidal wavefunction and the eight types are pre-
fixed by one or more of the letters u, s, ¢, d as shown in table 1. With the indices labelled
as below n runs over the non-negative integers and m takes, in all cases, the values 0,
1,...,n

(a+bk2sn?z 4 gk*sn*z)W = 0. (A.1)

Table 1. Types of ellipsoidal wavefunctions.

Type Parity Periods Type Parity Periods

uel?, even 2K, 2iK’ scelg, ., odd 2K, 4iK’
selZ,s odd 4K, 2K’ sdel,,,  odd 4K, 4K’
celd, .y even 4K, 4iK’ cdel3, , even 4K, 2iK’

dely, even 2K, 4iK’ scdel}, , 5 odd 2K, 2iK’
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These functions exist for all real values of q and suitable g-dependent values of a, b
and are in one-to-one correspondence with the Lamé polynomials to which they reduce
when ¢ = 0. A product el(B)el(y) where el denotes precisely the same function is
abbreviated to elp(B, y) with, if necessary, prefix and indices as above. Functions elp of
different types or with different indices are orthogonal and are normalized so that when
the left-hand side is nonzero we have

j f (sn?y—sn2B)(elp(B. ) dB dy = ie (A3)
S

where S denotes the field of integration y from —2K to 2K, f from K —2iK' to K +2iK’
and eis +1 accordingly as cn z is or is not a factor of el(z) (thus ¢ = (—1)**!, pasin A.2).

Many of the properties of ellipsoidal wavefunctions have been obtained by the use
of certain integral equations. In this way Mdoglich (1927) found expansions of elp in
terms of spherical surface harmonics and of el in Legendre functions of argument dnz
and also in spherical Bessel functions; similarly Arscott (1959) derived an expansion in
terms of Lamé polynomials and this is the only one we will write out here. If we denote
Lamé polynomials by the general symbol E(z) and adorn this in a manner consistent
with that used above for el(z) (thus lim,_, uel7,(z) = uE7,(2), etc) the expansion for
uelp¥y(B. y) is written

[=o

uelp¥v(,7) = 3 ¥ ATuEp3,(8.7) (A.4)

a=0m=0

and similarly in the other cases. The coefficients 4, dependent on N, M, g and the type,
are determined by a three-term recurrence relation in which the terms are matrices,
which renders this vastly more complicated than the Mathieu case. On multiplying
(A.4) by (sn?y —sn?B)uEpJ(B, y) and integrating over S orthonormality of Ep (Arscott
1959) gives the useful result

(A.5)

8m) 12
e

f f (sn2y —sn2Buelp¥y(B, ) dB dy = —idl

S

By working directly with the differential equation (A.1) both Malurkar and Arscott
have obtained series expansions of el(z) for small values of g (Malurkar 1935, Arscott
1956) and asymptotic expansions for large g (Malurkar 1935, Arscott and Sleeman
1970). The low g expansion for ueld, adjusted to present normalization, may be written

uelg(z) " k*sn%z k‘sn“z+k2(1—+-k2)snzz
weld©0) 1§ 120 270
kSsnz k*(1+k*)sn*z  k*(1—4k?+k*)sn?z
+‘13(24.32.5.7+ 7B 57 357 +0(g%).  (AS)

This series converges for small g but the radius of convergence is not known. The high g
expansions given in the literature contain a number of errors and in any case provide
series which are not valid in the neighbourhood of points such as z = 0 needed in (20);
they are not used in this article.

Finally we mention that in the limits K — 0 and k — 1 the ellipsoidal wavefunctions
go over to spheroidal wavefunctions (Méglich 1927, Sleeman 1967). We illustrate this
connection for uel3,(8; g, k*) with g > 0 and fasin § 3. Ask — 0, K' —» oo so we change
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to an appropriate real variable n given by in = §— K—iK’; n then varies from — K’ to
K'. By using properties of elliptic functions it is easy to see

lim k sn(B, k) = lim dn(z, k') = sech
k=0 k=0

so that for k = 0 equation (A.1) has become

2
dT;;K%- [(a+b+q)—(b+2g) tanh?y +q tanh*n] W = 0.

The further change of variable x = tanh n reveals this to be the spheroidal wave equation
(Arscott 1964). The function uelf,(8) has 2(n —m) zeros in 1K, K + 2iK'[ so its limit must
have 2(n—m) zerosin —1 < x < 1. This shows that as k — 0 uel},(8; g, k?) goes over to
the oblate angular spheroidal wavefunction Ps37(x, —q) with appropriate normalization.
Since the functions uel have the general property uel?,(7; —g, k'?) = uel3,;™(8; g, k?)

the above result also implies that as k — 1, uel§,(8; g, k?) reduces to the prolate angular

function Ps2"~™(x, g). In a similar way uel(x), uel(y) reduce to radial wavefunctions and

trigonometric functions respectively.
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